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In this article, we have investigated collective effects of atomic nuclei in presence of a time-dependent 
potential in Davydov–Chaban Hamiltonian. Since such potential has an explicit time-dependency, in order 
to obtain the wave function of considered system, we should face with time-dependent Schrödinger 
equation. Obtaining the wave function could be possible using Lewis–Riesenfeld dynamical invariant 
method. Appropriate dynamical invariant has been constructed after determining the wave functions and 
values, the wave function will obtain.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Investigation of shape phase transitions in nuclei, has attracted 
impressive interest from both experimental and theoretical point 
of views. Actually a new phase in the ﬁeld began with the stud-
ies of the phase transitions by means of the classical limits of 
Hamiltonians constructed from operators belonging to compact Lie 
algebras [1–3]. Applications of this algorithm were used to as-
sociate classical shape variables to the interacting boson model 
(IBM) [4–8] and for the nature of the quantum phase transition 
[9] between the dynamical symmetries; namely, U(5) (spherical 
vibrator), O(6) (γ -unstable), and SU(3) (axial rotor). In theoreti-
cal aspect, there exists framework to describe many properties of 
the collective quadrupole excited states in even-even nuclei called 
Bohr–Mottelson collective model [10,11]. This model is one the 
most interesting topics in theoretical studies of nuclear properties. 
For example, Chabab et al. consider Hulthén potential for β-part 
of collective potential while for the γ -part deﬁned a new gen-
eralized potential obtained from a ring shaped one [12] as well 
as an interesting numerical results they mentioned in their paper. 
D. Bonatsos et al. used Davidson potential to describe ground state 
bands of the E(5) and X(5) critical symmetries [13], or they de-
rived in another paper an expression for a system in which the 
mass has a dependency to the nuclear deformation [14]. As special 
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SCOAP3.case in Bohr Hamiltonian, the γ -part can be frozen. This assump-
tion is known as Davydov–Chaban approach. Buganu and Budaca 
proposed an analytically solution for the Davydov–Chaban Hamil-
tonian with a sextic oscillator potential for the variable β and γ
ﬁxed to 300 which is conventionally called Z(4)-sextic [15] and or 
Bonatsos et al. [16] investigated a version of the X(5) model that 
γ variable is ﬁxed to γ = 0, within a harmonic oscillator potential.
In this article, we intend to investigate Davydov–Chaban Hamil-
tonian in presence of a time-dependent potential. Investigation of 
time-dependent system has been one of the complicated as well 
as interesting research topic between physicists. Study of time-
dependent interaction of quantum mechanical systems provides 
fundamental structure of basic physics and interpretation of new 
physics in different areas of physics, such as, gravitation [17], quan-
tum optics [18,19], the Paul trap [20–22] and spintronics [23]. To 
study time-dependent systems remarkable efforts have been made 
to get an analytical solution of the time-dependent Hamiltonians 
[24–29] using different methods for instance, path integral, second 
quantization and dynamical invariant.
We want to employ Lewis–Riesenfeld dynamical invariant 
method to study Davydov–Chaban Hamiltonian with time-depen-
dent interaction. The article is organized as follows: Sec. 1 in-
troduces Davydov–Chaban Hamiltonian and the time-dependent 
interaction. In the next section at ﬁrst Lewis–Riesenfeld dynamical 
invariant method is expressed then wave function of Davydov–
Chaban Hamiltonian in presence of time-dependent interaction has 
been derived. Physical meaning of our calculation is discussed in 
the fourth section.le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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In the collective model which Bohr [11] discussed, the clas-
sical expression of the kinetic energy corresponding to β and γ
vibrations (β and γ are usual collective parameter) of the nuclear 
surface and rotation of the nucleus can be written as [11,16]
T = 1
2
3∑
k=1
Jkw
′
k
2 + B
2
(β˙2 + (βγ˙ )2) (1)
in which B is the mass parameter and Jk , the three principal irro-
tational moments of inertia, has the form
Jk = 4Bβ2sin2(γ − 2π3 k) (2)
and the components of the angular velocity on the body-ﬁxed 
k-axes, are shown by w ′k , (k = 1, 2, 3), which can be written in 
terms of the time derivatives of the Euler angles φ˙, θ˙ , ψ˙ [31,32]
w ′1 = φ˙ sin θ cosψ + θ˙ sinψ,
w ′2 = φ˙ sin θ sinψ + θ˙ cosψ,
w ′3 = φ˙ cos θ + ψ˙.
(3)
In the manner that Davydov–Chaban adopted the nucleus is 
rigid, it means γ˙ = 0, as well as there is a special consideration 
that being the axially symmetric prolate case of γ = 0. Equaling 
J1 = J2 = 3Bβ2, results vanishing the third irrotational moment of 
inertia J3. In this case the kinetic energy of Eq. (1) becomes [30,
32]
T = 3
2
Bβ2(w ′1
2 + w ′22) +
B
2
β2
= B
2
[3β2(φ˙2sin2θ + θ˙2) + β˙2].
(4)
As it can be understood easily that there is only three degree 
of freedom in this case. Considering the generalized coordinates 
q1 = φ, q2 = θ , and q3 = β , the kinetic energy becomes a quadratic 
form of the time derivatives of the generalized coordinates [16,30,
33]
T = B
2
3∑
i, j=1
gijq˙iq˙ j, (5)
although in Bohr Hamiltonian the matrix gij has non-diagonal and 
5-dimensional form, but here it is a diagonal matrix as
gij =
⎛
⎝ 3β
2sin2θ 0 0
0 3β2 0
0 0 1
⎞
⎠ (6)
Following the general procedure of quantization in curvilinear 
coordinates one obtains the Hamiltonian operator [16,30,33,34]
HD−Ch =
P2D−Ch
2B
+ U
P2D−Ch = −h¯2[
1
β2
∂
∂β
β2
∂
∂β
+
1
sin θ
∂
∂θ
sin θ ∂
∂θ
+ 1
sin2θ
∂2
∂φ2
3β2
]
(7)
in which U is the interaction of system. In this case we want to 
introduce here the interaction of system as [28,35]
U (β, θ, t) = 1
2
Bω2(t)β2 + a + bcos
2θ + ccos4θ
2 2 2
(8)
B(sin θcos θ)βwhere ω2(t) is time-dependent angular frequency and the param-
eters a, b, c are real constants.
Time plays an important part in some areas of nuclear physics, 
such as the properties of the radioactive nuclei [36,37] fusion dy-
namics [38] structures of nuclei model [39]. Explanation of our 
selected potential in the article is very simple and important. First 
part of the potential is time-dependent harmonic oscillator. This 
part guarantees that there is transformation energy for considered 
system and amount of such a transformation is not trivial so that 
we won’t be able to consider this part as perturbation of system. 
The second part of the potential is a double-ring shaped one for 
θ -part of the potential. This part of potential, conﬁnes system in 
two most probable states which are possible with respect θ . So 
in considered system in our article, we deal with a system that 
there is transformation energy as well as this system sticks be-
tween to most-probable states in polar coordinate. These cases are 
well-known cases in physics and physical meaning of such selec-
tion is obvious. In nuclear physics we can ﬁnd radioactive nuclei 
or meta-stable nuclei as examples of our suggested potential in 
the article. This point should be noted here that as special case 
in our considered potential in the article we can set ω(t) =
√
2
B
(a constant parameter with respect time), a = c = 0, b = B and 
θ = π2 . In this case the potential reduces to Davidson potential 
which is one the most familiar potential in nuclear physics and 
the results can be compared with them. Since the potential turns
into time-independent potential by introduced choice then easily 
it can be shown that the dynamical invariant ﬁnds as the same as 
the Hamiltonian.
So the ﬁnal form of the Hamiltonian considering the interaction 
get in form of
HD−Ch =
P2D−Ch
2B
+ 1
2
Bω2(t)β2 + a + bcos
2θ + ccos4θ
B(sin2θcos2θ)β2
(9)
Since Eq. (9) contains explicit time-dependent term, to obtain 
wave function 
 of such system we should use time-dependent 
Scrödinger equation
ih¯
∂

∂t
= HD−Ch
 (10)
It is obvious that by setting operator form of elements in 
Hamiltonian and using time-dependent Scrödinger equation, we 
should solve a partial differential equation which can not be solved 
easily. So we need a powerful mathematical tool which can help us 
obtain the wave function in simpler manner.
3. Lewis–Riesenfeld approach and the wave function
This theory is known as Lewis–Riesenfeld [26,28] dynamical in-
variant method. The base of this theory is existence of a Hermitian 
operator as
dI(t)
dt
= ∂ I(t)
∂t
+ 1
ih¯
[I(t), H(t)] = 0. (11)
By simple acting Eq. (11) on an arbitrary ket |
〉 and some 
calculation, the mentioned property yields
ih¯
∂(I |
〉)
∂t
= H(I |
〉), (12)
which means that the act of dynamical invariant is solution of 
time-dependent Scrödinger equation. To have better understand-
ing of dynamical invariant acting, the wave function, with the aim 
of dynamical invariant Hermitian property, can be written as
|
〉 =
∑
cλ,κe
iαλ,κ (t) |λ,κ; t〉 , (13)λ,κ
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variant, κ represents other quantum numbers, cλ,κ is a constant 
and αλ,κ (t) derived from
h¯
dαλ,κ (t)
dt
= 〈λ,κ | ih¯ ∂
∂t
− H(t) |λ,κ〉 . (14)
We suggest the crude form of dynamical invariant by deﬁning 
new operators
L1 = P2D−Ch +
a + bcos2θ + ccos4θ
(sin2θcos2θ)β2
L2 = β2
L3 = {β, Pβ}
Pβ = −ih¯( ∂
∂β
+ 2
β
),
(15)
as
I(t) = 1
2
[δ1(t)L1 + δ2(t)L2 + δ3(t)L3] (16)
Using Eqs. (9), (11) and (16) we have
δ˙1(t) = −2δ3(t)
B
,
δ˙2(t) = 2Bω2(t)δ3(t),
δ˙3(t) = δ1(t)Bω2(t) + δ2(t)
B
.
(17)
Eq. (17) represents a coupled system of equation. For such sys-
tem of equations, we can ﬁnd the solution if we introduce new 
parameter ρ(t) as
δ1(t) = ρ2(t),
δ2(t) = 1
ρ2(t)
+ B2ρ˙2(t),
δ3(t) = −ρ˙(t)ρ(t)B,
(18)
as well as we ﬁnd a constraint equation on ρ(t)
ρ¨(t) +ω2(t)ρ(t) = 1
ρ3(t)B2
. (19)
Substituting Eq. (18) into Eq. (16) leads the ﬁrst form of dy-
namical invariant
I = 1
2
[ρ2(t)(P2D−Ch +
a + bcos2θ + ccos4θ
(sin2θcos2θ)β2
)
+ ( 1
ρ2(t)
+ B2ρ˙2(t))β2 − (ρ˙(t)ρ(t)B){β, Pβ}] (20)
Now, we should determine eigen-functions of dynamical invari-
ant, but before deriving them, it is better to introduce a transfor-
mation
U = exp[ iBρ˙(t)
2h¯ρ(t)
β2]. (21)
This causes to have simpler way to obtain the eigen-functions. 
According this transformation we have
I ′ = U † IU ,
′ = U,
I ′′ = λ′,
I ′ = 1
2
[ρ2(t)(P2D−Ch +
a + bcos2θ + ccos4θ
(sin2θcos2θ)β2
) + β
2
ρ2(t)
].
(22)Deﬁning new variable x = βρ and considering the operator na-
ture of dynamical invariant elements help us to get
{ 1
x2
∂
∂x
(x2
∂
∂x
)
+ 1
h¯2
[2λ −
2( a+bcos2θ+ccos4θ
(sin2θcos2θ)
) − 1sin θ ∂∂θ sin θ ∂∂θ + 1sin2θ
∂2
∂φ2
x2
− x2]}′ = 0 (23)
To solve Eq. (23) we follow separation of variables method as
′ = X(x)
x
H(θ)K (φ). (24)
Doing some algebraic calculation leads equation for x part
d2X(x)
dx2
+ 1
h¯2
(2λ − x2 − ξ h¯
2
x2
)X(x) = 0, (25)
where ξ is a separation constant. This equation can be transformed 
into well-known differential equation by using y = x2
d2X(y)
dy2
+
1
2
y
dX(y)
dy
+ X(x)
y2
(
−1
4h¯2
y2 + λ
2h¯2
y − ξ
4
) = 0. (26)
Eq. (26) is a form of associated Laguerre differential equation. 
Solution of such differential equation should be written in terms 
of associated Laguerre polynomials
X(y) = y( 14+12
√
1
4+ξ) exp[−y
2h¯
]L
√
1
4+ξ
n (
y
h¯
)
y=( βρ )
2
−−−−−→
X(
β
ρ
) = (β
ρ
)
(
1
2+
√
1
4+ξ) exp[−1
2h¯
(
β
ρ
)2]L
√
1
4+ξ
n (
1
h¯
(
β
ρ
)2),
λ = h¯(2n + 1+
√
1
4
+ ξ).
(27)
For angular part the separation of variables produces a differ-
ential equations as
d2H(θ)
dθ2
+ cot θ dH(θ)
dθ
+ (− 2
h¯2
(
a + bcos2θ + ccos4θ
(sin2θcos2θ)
)
+ ξ − ζ
2
sin2θ
)H(θ) = 0 (28)
in which ζ is another separation of constant. In order to solve this 
equation we ﬁrst use s = cos2θ . It yields
d2H(s)
ds2
+
1
2 − 32 s
s(1− s)
dH(s)
ds
+((c+ξ)s2+(b−ζ 2−ξ)s+a)H(s) = 0.
(29)
Solution of Eq. (29) also can be found in terms of associated 
Laguerre polynomials
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ds2
+
1
2 − 32 s
s(1− s)
dH(s)
ds
+ ((c + ξ)s2 + (b − ζ 2 − ξ)s + a)H(s) = 0
H(s) = s 14+
√
1
16−a(1− s)−
√
ζ 2−(a+b+c)
× P (2
√
1
16−a,2
√
ζ 2−(a+b+c))
m (1− 2s) s=cos
2θ−−−−−→
H(cos2θ) = (cos θ) 12+2
√
1
16−a(sin θ)2
√
ζ 2−(a+b+c)
× P (2
√
1
16−a,2
√
ζ 2−(a+b+c))
m (1− 2cos2θ),
m2 − m
2
+ (2m + 1)(1
4
+
√
ζ 2 − (a + b + c) +
√
1
16 − a)
− 1
8
− b + ζ 2 + ξ
+ 2
√
1
16 − a(1+
√
ζ 2 − (a + b + c)) = 0.
(30)
It is easily to show that for azimuths part we have
K (φ) = (constant)exp(± iζφ). (31)
And for the corresponding quantum phase is obtained by using 
the Eq. (14), it can be calculated as
αλ,n,m(t) = −λ
h¯
t∫
0
dt′
Bρ(t)3
. (32)
Finally the wave function is obtained in terms of eigen-
functions of dynamical invariant

(β, θ,φ, t) =
∑
n,m
cn,me
iαλ,n,m(t)n,m(β, θ,φ, t). (33)
4. Special cases and physical discussions
In this section we should explain two special cases to bring 
physical essence of results of this article.
4.1. Time-independent potential
As the ﬁrst special case, the system has been considered in 
presence of time-independent interaction, which means ω(t) =
constant. As well as assuming parameters in the potential as: 
a = c = 0, B = b, θ = π2 , ω =
√
2
B , results
V (β, θ, t) = 1
2
Bω2(t)β2 + a + bcos
2θ + ccos4θ
B(sin2θcos2θ)β2
a=c=0, B=b, θ=π2 ,ω=
√
2
B−−−−−−−−−−−−−−−−→ V (β) = β2 + 1
β2
.
(34)
So the potential reduces into Davidson potential which is one 
the most well-known potential in nuclear physics. The Davidson 
potential has been used in the framework of the Bohr Hamilto-
nian by Bonatsos et al. [13,14,40,41], Budaca [42,43] and Fortunato 
[44]. Meaning of this reduction is that the system has been in a 
completely nuclear situation.Fig. 1. Picture of ρ in terms of time considering λ = B = 1, ρ (0) = 1 and ρ˙ (0) = 0.
4.2. Decaying form ω(t)
One of the well-know form of transformation energy is consid-
ering ω(t) as ω(t) = e−λt . In order to ﬁnd effects of such energy 
transformation in the system, understanding treatments of the pa-
rameter ρ(t) is needed. By this choice, Eq. (19) gets form of
ρ¨ + e−2λtρ = 1
B2ρ3
. (35)
Eq. (35) has been plotted by setting λ = B = 1, ρ (0) = 1 and 
ρ˙ (0) = 0.
As it is shown in Fig. 1, ρ(t) has ascending essence. So as 
t → ∞ then ρ(t) → ∞. Noting situation of ρ(t) in the wave func-
tion, helps us ﬁnd this point out that the wave function will dis-
appear when t → ∞. Physical interpretation of this result is, by 
passing time, we will lose the system. This is exactly what can be 
seen in the compound nuclei in in-direct reactions.
5. Conclusion
In this article, Davydov–Chaban Hamiltonian is reviewed by 
considering a time-dependent potential. Since the considered sys-
tem has an explicit dependency on time, in order to study the 
considered system we used the powerful mathematical method 
so-called Lewis–Riesenfeld dynamical invariant method. First we 
suggested a crude form of dynamical invariant then we ﬁnd the 
explicit form of it using time-evolution of its own relation. After 
ﬁnding the explicit form, eigen-functions and -values of dynamical 
invariant were derived and ﬁnally the time-dependent wave func-
tion of Davydov–Chaban Hamiltonian in presence of the interaction 
was written in terms of eigen-functions of dynamical invariant. We 
showed that our considered system –whether time-dependency 
exists or does not– can represent a situation in nuclear physic. 
When the system has been considered in time-independent sit-
uation and some special parameters, we have Davidson potential 
in our system and when time-dependency exists as ω(t) = e−λt , 
system decays and the wave function destroys which is physically 
expected.
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